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Abstract

Isothermal ternary diffusion coefficients for the system lysozyme chloride (1)+NH4Cl (2)+H2O at 258C and pH 4.5
have been measured interferometrically for five mean NH4Cl concentrations, C2 ¼ 0:25, 0.5, 0.9, 1.2 and 1.5M, with
C1 ¼ 0:6mM. The main-term diffusion coefficient ðD11Þv varies slowly with C2. The main-term ðD22Þv increases with
increasing NH4Cl concentration, as does the binary Dv in aqueous NH4Cl, but the ðD22Þv values are lower in the ternary
system. The cross-term ðD21Þv, which relates the coupled flow of NH4Cl to the protein concentration gradient, increases
sharply with increasing salt concentration, and is 19 times larger than ðD22Þv at the highest concentration. The values of
ðD12Þv are smaller than the corresponding values previously obtained for the lysozyme chloride+NaCl+H2O system

over the whole range of salt concentration studied. Using equations based on the Onsager Reciprocal Relations, we
have calculated the derivative of the chemical potential of lysozyme chloride with respect to the NH4Cl concentration,
and have estimated the protein cation charge. Integration with respect to the NH4Cl concentration gives the dependence

of the chemical potential of lysozyme chloride on NH4Cl concentration, providing information about the driving force
for nucleation and crystal growth of lysozyme chloride. # 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

A large body of experimental and theoretical
work has focused on the role of diffusion in
protein crystal growth in multicomponent systems.
These systems typically involve the desired protein,
water, a salt precipitant, buffer, and sometimes a
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co-precipitant or impurities, including protein
impurities. Diffusion is important in homogeneous
and heterogeneous nucleation, as well as in crystal
growth, where solution is typically depleted of
protein in a boundary layer adjacent to the
growing crystal [1–6]. In either case, a concentra-
tion gradient leads to diffusive transport, which
under conditions of normal gravity can be
accompanied by buoyancy-driven convection
[5,6]. Under microgravity conditions, where con-
vection is eliminated or at least suppressed,
diffusion is the dominant transport mechanism
[7], and should be faithfully modeled in order to
predict the effects of growth conditions on crystal
quality and growth rate.
To date, diffusive transport in protein crystal

growth has been modeled using a simplified
version of Fick’s first law

Ji ¼ �DirCi; ð1Þ

which assumes that the flux of each solute is
linearly proportional to the gradient of its own
concentration. Here, Ji and Di are the flux and
pseudo-binary diffusion coefficient of the ith
solute. In fact, it has been known since the 1950s
that for many systems Eq. (1) is an inadequate
description of the process, and must be replaced by

Ji ¼ �
Xn

j¼1

DijrCj ; i ¼ 1; . . . ; n: ð2Þ

Eq. (2) accounts for the fact that in an n-solute
system, a gradient of one solute can lead to a
flux of the other n � 1 solutes [8]. The diagonal
elements Dii of the matrix of diffusion coefficients
are called ‘‘main-term’’ diffusion coefficients, while
the off-diagonal elements Dijði 6¼ jÞ are referred
to as ‘‘cross-term’’ coefficients. Eq. (2) is applicable
in volume-fixed (subscript v), solvent-fixed (sub-
script 0), and other frames, with the understanding
that the diffusion coefficients are not frame–
invariant. The volume-fixed frame is usually
a close approximation to the laboratory-fixed
frame in which the diffusion coefficients are
actually measured.
The thermodynamically more fundamental driv-

ing forces for diffusion are the chemical potential

gradients, in terms of which Eq. (2) is equivalent to

ðJiÞ0 ¼ �
Xn

j¼1

ðLijÞ0rmj ; i ¼ 1; . . . ; n; ð3Þ

where the ðLijÞ0 are the so-called thermodynamic
diffusion coefficients or ‘‘diffusion Onsager
coefficients,’’ and the chemical potential of the
ith solute is mi. The subscript 0 refers to the solvent
as well as the solvent-fixed reference frame, so that
ðJ0Þ0 ¼ 0. The diffusion coefficients and thermo-
dynamic diffusion coefficients in this frame are
related through [9,10]

ðDijÞ0 ¼
Xn

k¼1

ðLikÞ0
qmk

qCj
; i; j ¼ 1; . . . ; n; ð4Þ

where the ðDijÞ0 can be obtained from the
measured volume-fixed ðDijÞv using partial molar
volumes [11]. In what follows, we denote the
chemical potential derivatives by mij ¼ qmi=qCj .
Experiment shows that the cross-term diffusion

coefficients in an n-solute system can be positive or
negative (e.g., [9,12,13]), and can have magnitudes
comparable to or larger than the main-term
coefficients [10,14]. Consequently, in the absence
of information to the contrary, the full set of n2

diffusion coefficients should be taken into account.
The full description (Eq. (2)) appears to be

especially important for protein–salt–water sys-
tems. In two previous papers, for the lysozyme
chloride (1)+NaCl (2)+H2O system at pH 4.5
[14] and 6.0 [10], the cross-term diffusion coeffi-
cient ðD21Þv has been found to be much larger than
both main-term diffusion coefficients ðD11Þv and
ðD22Þv, confirming the need to account for multi-
component effects when modeling transport dur-
ing protein crystal growth.
Here we report precision diffusion coefficients

for the ternary lysozyme chloride (1)+NH4Cl
(2)+H2O system at 258C and pH 4.5. This system
is of considerable interest for two reasons. First,
lysozyme is the prototypical globular protein used
in crystal growth experiments in various aqueous
electrolyte solutions. Its solubility, crystal growth,
liquid–liquid phase transitions, and amorphous
precipitation have been the subjects of several
studies in aqueous NH4Cl [15–17]. Second, given
the complexity of protein crystal growth and the
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considerable empiricism associated with the selec-
tion of favorable conditions for protein crystal
growth, it is important to understand the variation
of transport and thermodynamic effects for a series
of salts with a common anion for growth of
lysozyme.
We also use a new approach, first applied to

lysozyme chloride (1)+NaCl (2)+H2O systems at
pH 4.5 and 6.0 [10], to calculate the derivative m12
of the lysozyme chloride chemical potential with
respect to NH4Cl concentration, and then inte-
grate to get the concentration dependence of the
chemical potential of lysozyme chloride at 0.6mM
as a function of NH4Cl concentration. Since the
ternary diffusion measurements are possible well
into the supersaturated region, the thermodynamic
data are also available well beyond saturation.
This allows the change of lysozyme chloride
chemical potential to be determined well into the
supersaturation region, and thus provides crucial
information about the driving force for nucleation
and crystal growth. The same mij values allow us to
estimate the charge on the protein [10].

2. Experimental procedure

The solution preparation procedures, apparatus,
and density measurement procedures have been
described earlier [14].
Six-times recrystallized hen egg-white lysozyme

was purchased from Seikagaku America. Lot
E96Y03 was used for all the experiments.

Molecular masses of water ðM0Þ, lysozyme ðM1Þ,
and ammonium chloride ðM2Þ were taken to be
18.015, 14.307, and 53.496 gmol�1, respectively.
The ammonium chloride was Mallinckrodt AR
grade, and was heated at 708C for 7 h in a vaccum
oven before use. Its crystal density was taken
to be 1.527 g cm�3 for buoyancy corrections in
weighing.
The diffusion coefficients were measured with

the Gosting optical diffusiometer operating in its
automated Rayleigh interferometry mode, using
experimental procedures and data reduction tech-
niques described earlier [14]. For each mean salt
concentration, two diffusion experiments were
performed for a1 ¼ 0 and two for a1 ¼ 1, where
ai � RiDCi=ðR1DC1 þ R2DC2Þ is the fraction of
the refractive index difference between top and
bottom solutions due to solute i, Ri is the
refractive index increment of solute i (defined
below), and DCi is the concentration difference of
solute i between the bottom and top solutions. The
concentration differences were chosen to obtain
	50 fringes in the Rayleigh fringe pattern.

3. Results

Ternary diffusion experiments were performed
on the system lysozyme chloride+NH4Cl+H2O
at mean NH4Cl concentrations of 0.25, 0.5, 0.9,
1.2, and 1.5M, with a single mean lysozyme
chloride concentration of 0.6mM. Data presented
in Tables 1–5 include the mean concentrations %CCi

Table 1

Ternary experimental data at 258C, [NH4Cl]=0.25M

H11 H12b H13 H14

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 0.2500 0.2500 0.2500 0.2500

DC1 ðmMÞ 0.4000 0.0000 0.4000 0.0000

DC2 ðMÞ 0.0000 0.1037 0.0000 0.1038

pH top 4.50 4.50 4.51 4.50

pH bottom 4.50 4.50 4.51 4.51

d (g cm�3) top 1.002938 1.002902 1.002938 1.002887

d (g cm�3) bottom 1.004592 1.004619 1.004597 1.004623

J (meas) 51.157 49.409 51.174 49.366

J (calc) 51.165 49.377 51.167 49.398

DA (meas) (10�9m2 s�1) 0.1325 1.856 0.1328 1.851

DA (calc) (10�9m2 s�1) 0.1326 1.865 0.1326 1.865
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Table 2

Ternary experimental data at 258C, [NH4Cl]=0.5M

H21b H22 H23 H24

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 0.5000 0.5000 0.5000 0.5000

DC1 ðmMÞ 0.4000 0.0000 0.4000 0.0000

DC2 ðMÞ 0.0000 0.1038 0.0000 0.1037

pH top 4.51 4.50 4.50 4.50

pH bottom 4.50 4.51 4.50 4.51

d (g cm�3) top 1.007013 1.007001 1.007007 1.006993

d (g cm�3) bottom 1.008649 1.008662 1.008646 1.008657

J (meas) 51.185 48.646 51.234 48.632

J (calc) 51.210 48.647 51.208 48.630

DA (meas) (10�9m2 s�1) 0.1314 1.887 0.1311 1.887

DA (calc) (10�9m2 s�1) 0.1313 1.901 0.1313 1.901

Table 3

Ternary experimental data at 258C, [NH4Cl]=0.9M

H31 H32 H33 H34

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 0.9000 0.9000 0.9000 0.9000

DC1 ðmMÞ 0.3999 0.0000 0.3999 0.0000

DC2 ðMÞ �0.0001 0.1083 0.0000 0.1083

pH top 4.50 4.50 4.50 4.50

pH bottom 4.50 4.50 4.50 4.50

d (g cm�3) top 1.013312 1.013316 1.013312 1.013318

d (g cm�3) bottom 1.014915 1.014971 1.014915 1.014967

J (meas) 51.254 49.835 51.199 49.831

J (calc) 51.217 49.830 51.227 49.836

DA (meas) (10�9m2 s�1) 0.1318 1.936 0.1320 1.936

DA (calc) (10�9m2 s�1) 0.1318 1.952 0.1319 1.952

Table 4

Ternary experimental data at 258C, [NH4Cl]=1.2M

H41 H42 H43 H44

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 1.2000 1.2000 1.1999 1.2000

DC1 ðmMÞ 0.4000 0.0000 0.3999 0.0000

DC2 ðMÞ �0.0001 0.1084 0.0000 0.1084

pH top 4.51 4.51 4.51 4.50

pH bottom 4.50 4.50 4.50 4.50

d (g cm�3) top 1.017914 1.017913 1.017896 1.017912

d (g cm�3) bottom 1.019548 1.019546 1.019507 1.019576

J (meas) 51.171 49.268 51.141 49.281

J (calc) 51.155 49.283 51.157 49.266

DA (meas) (10�9m2 s�1) 0.1333 1.978 0.1332 1.975

DA (calc) (10�9m2 s�1) 0.1334 1.993 0.1334 1.993
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of both solutes; the concentration differences DCi

across the free-diffusion starting boundary at the
starting time; the densities and pH values of top
and bottom solutions; DA, the reduced–height–
area ratio [14]; the measured number of fringes
Jmeas; and Jcalc. The values of Jcalc were obtained
from DCi and refractive index increments with
respect to J, Ri ¼ qJ=qCi, which are proportional
to the values of R*

i ¼ qn=qCi, the increment with
respect to the refractive index itself [10]. The values

of Jmeas and the corresponding DCi were used to
calculate the refractive index coefficients Ri [14].
Table 6 shows data derived from these five sets

of experiments, including %CCi; the average of the
mean concentrations, %CCi of solute i in all solutions
used in each series of four experiments at each
mean composition; the partial molar volume %VVi of
the ith solute; the refractive index increments R1

and R2 of the solutes with respect to J; the
diagnostic ratio SA=IA [14]; the eigenvalues l1 and

Table 5

Ternary experimental data at 258C, [NH4Cl]=1.5M

H51c H52b H51b H54

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 1.4999 1.4999 1.4999 1.4999

DC1 ðmMÞ 0.4000 0.0000 0.3999 0.0000

DC2 ðMÞ 0.0000 0.1107 0.0000 0.1108

pH top 4.50 4.51 4.50 4.50

pH bottom 4.50 4.51 4.51 4.50

d (g cm�3) top 1.022405 1.022411 1.022410 1.022426

d (g cm�3) bottom 1.024026 1.024046 1.024031 1.024062

J (meas) 50.973 49.768 50.986 49.879

J (calc) 51.001 49.815 50.958 49.831

DA (meas) (10�9m2 s�1) 0.1342 2.020 0.1341 2.018

DA (calc) (10�9m2 s�1) 0.1342 2.034 0.1341 2.034

Table 6

Experimental diffusion coefficients and related data for the lysozyme chloride+NH4Cl+water system at 258C and pH 4.5

H1 H2 H3 H4 H5

%%CC%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000 0.6000
%%CC%CC2 ðMÞ 0.2500 0.5000 0.9000 1.2000 1.4999
%dd (g cm�3)a 1.003763 1.007833 1.014128 1.018727 1.023227
H1 (gmol

�1) 4141 4113 4012 4058 4058

H2 (gmol
�1) 16.61 16.02 15.25 15.21 14.77

%VV1 (cm
3mol�1) 10194 10221 10315 10269 10262

%VV2 (cm
3mol�1) 36.986 37.569 38.317 38.355 38.773

%VV0 (cm
3mol�1) 18.067 18.0628 18.051 18.050 18.040

R1 (10
2M�1) 1280 1280 1281 1280 1275

R2 (10
2M�1) 4.762 4.689 4.601 4.548 4.499

SA=IA 2.749 2.805 2.847 2.864 2.894

l1 (10
�9m2 s�1) 0.1282 0.1244 0.1219 0.1208 0.1198

l2 (10
�9m2 s�1) 1.826 1.844 1.891 1.930 1.969

ðD11Þv (10
�9m2 s�1) 0.1283
 0.0001 0.1247
 0.0001 0.1224
 0.0001 0.1214
 0.0001 0.1206
 0.0001

ðD12Þv (10
�9m2 s�1) 0.000025
 0.000001 0.000035
 0.000001 0.000036
 0.000001 0.000036
 0.000002 0.000037
 0.000001

ðD21Þv (10
�9m2 s�1) 10.6
 0.1 16.9
 0.1 25.5
 0.2 33.0
 0.2 38.0
 0.2

ðD22Þv (10
�9m2 s�1) 1.826
 0.001 1.844
 0.001 1.890
 0.001 1.930
 0.001 1.968
 0.001

a %dd refers to the values of %%CC%CC1 and
%%CC%CC2 given in this table.
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l2 ðl15l2Þ of the matrix of diffusion coefficients;
and the experimental diffusion coefficients ðDijÞv
relative to the volume-fixed frame of reference
defined by

Xn

i¼0

ðJiÞv %VVi ¼ 0; ð5Þ

where ðJiÞv is the one-dimensional molar flux of
the ith component in a volume-fixed frame.
Finally, Table 6 shows, for each series of experi-
ments, the parameters %dd and Hi obtained by least-
squares fitting the equation

d ¼ %dd þ H1ðC1 � %CC1Þ þ H2ðC2 � %CC2Þ ð6Þ

to the densities of all solutions prepared for a
series of experiments. (For some cases, identified
by a literal suffix in Tables 1–5, densities of
solutions prepared for unsuccessful diffusion
experiments were included in the least-squares
fits.) The Hi and ðDijÞv were used to test for the
static and dynamic stability of the diffusion
boundary [18]. The boundaries were found to be
stable in all cases. These values of H1 and H2 were
also used to calculate the partial molar volumes %VVi

of the components, which were in turn used to
convert volume fixed ðDijÞv to the solvent-fixed
values of ðDijÞ0 shown in Table 7.

4. Discussion

For lysozyme chloride (1)+NH4Cl (2)+H2O at
258C, pH 4.5, and 0.60mM lysozyme chloride,
Figs. 1(a–d) show the dependence (summarized
numerically in Table 6) of the elements of
the diffusion coefficient matrix on the NH4Cl

concentration. These are compared to correspond-
ing values for the lysozyme chloride+NaCl+H2O
system at pH 4.5.

4.1. Examination of the D11 values

Fig. 1a shows that the lysozyme chloride main-
term diffusion coefficient, ðD11Þv, decreases much
less rapidly with increasing NH4Cl concentration
than in the NaCl case. Fig. 1a suggests, as would
be expected, that the limiting values of ðD11Þv
coincide in the limit of vanishing salt concentra-
tion. We note that the values of ðD11Þv shown here
are less than one-fifth of the corresponding binary
lysozyme diffusion coefficients found without salt
[10,14,19], and that considerably lower salt con-
centrations [19] are required to approach the
binary value in these ternary systems.

4.2. Examination of the D12 values

Fig. 1(b) shows that the cross-term diffusion
coefficient ðD12Þv (corresponding to the protein
flux driven by a gradient of NH4Cl concentration)
is quite small. At low concentrations, it is nearly
an order of magnitude smaller than in the NaCl
ternary system. For 0.5M4C241.5M, ðD12Þv is
essentially independent of NH4Cl concentration,
unlike the monotonically decreasing ðD12Þv for
NaCl, and at each concentration is less than 50%
of the NaCl value.
At low concentrations of either salt, a dominant

factor is the long-range electrostatic interaction
that enforces electroneutrality. As discussed in
more detail in Section 4.6, this causes relatively
immobile ions (e.g., lysozyme cation) to be pulled
along by the electric field generated by the more

Table 7

Solvent-fixed Ternary Diffusion Coefficients for pH=4.5

Series H1 H2 H3 H4 H5

%CC1 ðmMÞ 0.6000 0.6000 0.6000 0.6000 0.6000
%CC2 ðMÞ 0.2500 0.5000 0.9000 1.2000 1.4999

ðD11Þ0 (10
�9m2 s�1) 0.1293 0.1259 0.1238 0.1230 0.1223

ðD12Þ0 (10
�14m2 s�1) 6.631 7.785 8.153 8.309 8.617

ðD21Þ0 (10
�9m2 s�1) 11.0 17.9 27.6 36.2 42.3

ðD22Þ0 (10
�9m2 s�1) 1.843 1.880 1.958 2.024 2.091
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mobile ions (e.g., ammonium, sodium, and
chloride).
For NH4Cl concentrations in the range con-

sidered, the well-known Nernst–Hartley equations
[8] predict a qualitatively incorrect dependence of
ðD12Þv on NH4Cl concentration, specifically that
ðD12Þv decreases asymptotically to zero as C2

increases at constant C1. In fact, the measured
values increase and plateau as C2 increases. For
NH4Cl concentrations on the order of 0.1M and
higher, the calculated ðD12Þv are smaller than the
experimental values. This is because short-range
interactions become important at higher salt
concentrations and keep the ðD12Þv values from
approaching zero.

4.3. Examination of the D21 values

As can be seen from Table 6 and Fig. 1(c), the
cross-term diffusion coefficient ðD21Þv, which

accounts for the flux of NH4Cl due to a gradient
of protein concentration, is very large and
increases linearly with salt concentration. At the
highest concentration considered (C2 ¼ 1:5M),
ðD21Þv is larger than both main-term diffusion
coefficients, and more specifically, is about 19
times as large as ðD22Þv. At 1.5M NH4Cl, the ratio
ðD21Þv=ðD11Þv is about 315. Consequently, the
diffusion of each lysozyme cation is accompanied
by a flux of 315 NH4

+ and Cl� ions, even when
there is no overall NH4Cl concentration gradient.
The aqueous ternary system studied here is

composed of two electrolyte components with a
common anion, Cl�. The cation of one solute
(lysozyme) is very large compared to that of the
other. Thus, it is reasonable to expect the values of
the diffusion coefficients to depend on (a) electro-
static interactions between the solutes, and (b) an
‘‘excluded volume effect’’ due to the reduction of
volume available to the salt. As the NH4Cl

Fig. 1. Elements of the diffusion coefficient matrix for the ternary systems lysozyme chloride+NH4Cl+water and lysozyme

chloride+NaCl+water at pH 4.5 and 258C: * NH4Cl, & NaCl. (a) D11; (b) D12; (c) D21; (d) D22: ^ binary diffusion coefficient of

NH4Cl in water; m binary diffusion coefficient of NaCl in water.
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concentration is increased, the excluded volume
effect becomes the dominant influence on ðD21Þv.
To better understand the excluded volume

effect, consider a solution in which the salt
concentration (in moles per unit volume of
solution) is uniform but there is a gradient of
lysozyme chloride. In the interstitial volume
between lysozyme cations, the effective NH4Cl
concentration will exceed the nominal value, to an
extent that will increase with increasing protein
concentration. In this way, a gradient of lysozyme
chloride will produce an ‘‘effective gradient’’ of
NH4Cl in the same direction. The resulting
‘‘effective’’ concentration gradient of NH4Cl
drives a flux of NH4Cl, whose magnitude is related
to the underlying protein concentration gradient
by a constant of proportionality, ðD21Þv.

4.4. Examination of the D22 values

Fig. 1(d) shows that the values of the main-term
diffusion coefficient of NH4Cl, ðD22Þv, follow the
same trend as the corresponding binary diffusion
coefficients of NH4Cl in H2O [20], although the
values are slightly lower. To a large extent, this
result can be interpreted on the basis of obstruc-
tion of NH4Cl diffusion by protein.

4.5. Examination of the determinant

Fig. 2 shows the NH4Cl concentration depen-
dence of the determinant Dj j of the matrix of
experimental diffusion coefficients. Theory shows
[21–25] that at a spinodal point, this determinant
must vanish. The determinant here is essentially
constant, with a slight initial decrease with
increasing NH4Cl concentration being followed
by an equally small increase at higher concentra-
tions, unlike the determinant in the NaCl case,
which decreases monotonically with salt concen-
tration in the range considered [14]. If this
behavior persists as the NH4Cl concentration
increases, one can conclude that a spinodal curve
does not intersect the C1 ¼ 0:6mM line in the
C12C2 plane.

4.6. Comparison with previous results for lysozyme
chloride+NaCl+H2O

Here, we compare the results of the present
investigation to our earlier results for the lysozyme
chloride+NaCl+H2O system at pH 4.5 and 6.0
and the same lysozyme chloride concentration
C1 ¼ 0:6mM.
The main-term diffusion coefficient ðD11Þv de-

creases with salt concentration in the two ternary
systems. However, its decrease is larger in aqueous
NaCl (	17%) than in aqueous NH4Cl (	5%). In
general, since increasing the salt concentration
reduces the electrostatic dragging effect of the
chloride anion on the lysozyme cation, we expect a
smooth decrease of the lysozyme chloride diffusion
coefficient ðD11Þv for both systems.
We note that ðD11Þv in aqueous NH4Cl is always

larger than ðD11Þv in the NaCl system. This is
probably due to the fact that the dynamic viscosity
of binary NH4Cl+H2O solutions initially de-
creases with increasing NH4Cl concentration (up
to 2.0M at 258C), and does not greatly increase at
higher concentrations [26]. On the other hand, the
dynamic viscosity of aqueous NaCl solutions
increases monotonically with NaCl concentration.
The result is that the slowing effect of viscosity on
lysozyme chloride diffusion is more pronounced in
aqueous NaCl than in NH4Cl.
Direct comparison of the main-term diff-

usion coefficients ðD22Þv for the two systems is

Fig. 2. Determinant of the diffusion coefficient matrix for the

ternary system lysozyme chloride+NH4Cl+water at pH 4.5

and 258C: * NH4Cl, & NaCl.
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complicated by the fact that the two salts are
characterized by different physicochemical proper-
ties (e.g., transference numbers, activity coeffi-
cients, conductivities). For both cases, however,
the values of ðD22Þv lie no more than 1–2% below
the corresponding binary diffusion coefficients
over the entire range of composition. The slightly
lower values of the ternary ðD22Þv are accounted
for in part by protein obstruction, which is
expected to have effects of nearly identical
magnitude for the two salts.
The cross-term diffusion coefficients ðD21Þv

increase rapidly with salt concentration for both
systems. For an NH4Cl concentration of 1.2M,
ðD21Þv reaches a value about 20% higher than the
corresponding cross-term for the NaCl system.
This is reasonable because, although ðD21Þv is
dominated by the excluded volume effect due to
lysozyme chloride (solute 1), which is common to
both systems, its magnitude also depends on
diffusion of salt (solute 2) in the interstitial
solution. Thus, we expect that the solute with the
higher diffusion coefficient, NH4Cl, will give rise to
a larger ðD21Þv value than the more slowly diffusing
NaCl.
Comparison of the diffusion coefficients

is perhaps most interesting for ðD12Þv. At low salt
concentrations, the difference between the mobi-
lities of the salt’s cation and anion becomes critical
to interpretation of the data. At low salt concen-
trations, the electric field associated with the
difference in mobilities of the salt cations
and anions pulls the lysozyme cations. However,
the ionic mobility of NH4

+ is nearly equal to
that of Cl�, so that only a weak field is generated
by diffusion of NH4Cl, and there is little ‘‘pull’’
on the lysozyme cations. Thus, at low salt
concentrations, ðD12Þv in NH4Cl solution is much
smaller than in aqueous NaCl, for which the
difference between cation and anion mobilities is
much larger.

The fact that the determinant Dj j for the
lysozyme chloride+NH4Cl+H2O system is
13–25% larger than that for the corresponding
NaCl system is largely accounted for by the larger
ðD22Þv value for NH4Cl.

5. Use of irreversible thermodynamics and

diffusion data to obtain chemical potential

derivatives

Evaluation of the chemical potential derivative
of each solute with respect to the other has been
described earlier [10]. The approach, which in the
ternary case is limited to systems in which the
molar concentration of one solute is very small
compared to that of the other, is based on a)
equality of the cross-derivatives of the chemical
potential with respect to molality according to

qm1
qm2

¼
qm2
qm1

; ð7Þ

which becomes

1

C0M0

qm1
qm2

¼ m12ð1� C2
%VV2Þ � m11C1

%VV2

¼ m21ð1� C1
%VV1Þ � m22C2

%VV1

¼
1

C0M0

qm2
qm1

ð8Þ

in terms of derivatives with respect to molarity,
and (b) the Onsager Reciprocal Relations, which
correspond to equality of the cross-thermody-
namic transport coefficients in the solvent-fixed
reference frame

ðL12Þ0 ¼ m11ðD12Þ0 � m12ðD11Þ0
¼ m22ðD21Þ0 � m21ðD22Þ0 ¼ ðL21Þ0: ð9Þ

Using Eqs. (3) and (9), we obtain the following
expressions for the molarity cross-derivatives

m12 ¼
m11½C1

%VV2ðD22Þ0 � ð1� C1
%VV1ÞðD12Þ0
 � m22½C2

%VV1ðD22Þ0 � ð1� C1
%VV1ÞðD21Þ0


ð1� C2
%VV2ÞðD22Þ0 � ð1� C1

%VV1ÞðD11Þ0
; ð10aÞ

m21 ¼
m11½C1

%VV2ðD11Þ0 � ð1� C2
%VV2ÞðD12Þ0
 � m22½C2

%VV1ðD11Þ0 � ð1� C2
%VV2ÞðD21Þ0


ð1� C2
%VV2ÞðD22Þ0 � ð1� C1

%VV1ÞðD11Þ0
: ð10bÞ
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Hence, m12 and m21 are simply related to the self-
derivatives m11 and m22 and the four measured
elements of the diffusion coefficient matrix.
Using the general thermodynamic expression for

the chemical potential of each solute in terms of
molarity and mean ionic activity coefficients yi,
and taking the stoichiometric coefficients for
the cations to be unity, we find the following
relationships, written in matrix form:

m11 m12
m21 m22

" #
¼

RT

1

C1
þ

z2P
N

þ ðzP þ 1Þ
q ln y1
qC1

zP
N

þ ðzP þ 1Þ
q ln y1
qC2

zP
N

þ 2
q ln y2
qC1

1

C2
þ
1

N
þ 2

q ln y2
qC2

2
664

3
775:

ð11Þ

Here, zP is the absolute charge on the protein cation,

and we have used zCl ¼ 1 and zNH4
¼ 1 for the

absolute values of the charges of the chloride anions

common to the two solutes and the ammonium cation,

respectively. Note that N ¼ zPC1 þ C2 is equivalent to

the total normality of the ternary solution.

Eqs. (10a) and (10b) require values of m11 and
m22. From Eq. (11), we obtain

m11 ¼
RT

C1
1þ

z2PC1

zPC1 þ C2
þ ðzP þ 1ÞC1

q ln y1
qC1


 �
:

ð12Þ

For very low values of C1, the bracketed factor
on the right-hand side of Eq. (12) is dominated
by the first two terms, and for 0.6mM lysozyme
chloride in NaCl, the error associated
with dropping the third term does not exceed
10% [10].

A good value of m22 can be obtained from binary
activity data for aqueous NH4Cl. It is seen that the
concentration dependence of ðD22Þv closely follows
that of the corresponding binary diffusion coeffi-
cient over the entire range of NH4Cl concentra-
tion. Since diffusion coefficients depend on the
thermodynamic driving force, the close similarity
in the concentration dependence of the diffusion
coefficients suggests that it is reasonable to
approximate q ln y2=qC2 in the ternary system by
its binary value. The binary salt concentration
used for this calculation should be the same as the
interstitial NH4

++Cl� ionic strength in the ternary
system. Taking advantage of the fact that
zNH4

¼ zCl ¼ 1, m22 can be rewritten as

m22 ¼
RT

C2
1þ

C2

zPC1 þ C2
þ 2C2

q ln y2
qC2

� 

binary

" #
:

ð13Þ

Eqs. (10a) and (10b) can now be used to obtain m12
and m21, whose values are reported in Table 8.
It is important to note that the contributions

of the m11 to Eqs. (10a) and (10b) are relatively
small, so that even a 10–20% error in m11
will contribute negligibly to error in the calculated
m12 and m21. The dominant terms in Eqs. (10a) and
(10b) are m22 and D21. The overall error in
the calculated m12 and m21 is estimated to be less
than 5%.
The values of m12 and m21, as mentioned above,

can be used to calculate the protein charge and the
change of the lysozyme chloride chemical potential
with NH4Cl concentration. If the saturation
concentration is taken as the reference state, the
chemical potential change from this reference

Table 8

Chemical Potentials and Derivatives for pH=4.5

C2 (M) m11=RT (M�1) m22=RT (M�1) m12=RT (M�1) m21=RT (M�1) ðm1 � m�1Þ=RT

0.2500 1743 7.163 26.4 44.6 �10.45
0.5000 1705 3.615 17.1 35.4 �5.14
0.9000 1682 1.587 10.8 29.7 0

1.2000 1679 1.305 9.6 28.9 2.86

1.4999 1688 2.064 7.0 26.8 5.30
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value will give the driving force for protein
nucleation and crystal growth.

6. Use of l12 and l21 to calculate the relative

chemical potential of lysozyme chloride

We must first estimate the charge on
the lysozyme cation. The expressions given
in Eq. (11) for the cross-derivatives indicate how
m12 and m21 can be used to calculate it. If
we multiply m12 and m21 by the normality
N ¼ zPC1 þ C2, assume that the activity coefficient
derivatives are constant, e.g., q ln yi=qCj ¼ aij ,
we can then rewrite the expressions for m12
and m21 as

Y12 ¼ ðzPC1 þ C2Þ
m12
RT

¼ zP þ a12ðzP þ 1ÞðzPC1 þ C2Þ; ð14aÞ

Y21 ¼ ðzPC1 þ C2Þ
m21
RT

¼ zP þ 2a21ðzPC1 þ C2Þ: ð14bÞ

Nonlinear least-squares fits of Eqs. (14a) and (14b)
to the previously calculated mij ði 6¼ jÞ allow
the parameters a12 and a21 and the protein charge
zP to be determined. The fitted zP values obtained
are 6.55 and 5.78, corresponding to a12 ¼
0:434M�1 and a21 ¼ 11:68M�1, respectively. The
values of m12 and m21 depend on m11, and hence on
the assumed charge. An iteration shows that this
effect is small and can be ignored. Note that
nonlinear least-squares calculations of a12, a21, and
zP performed for different arrangements of
Eqs. (14a) and (14b) correspond to different
weightings of the sum of the squared errors, and
can give somewhat different results.
These fitted zP values can be compared to zP �

12 [27], obtained from pH titration measurements.
The titration measurements give no indication of
chloride anion association with the lysozyme
cation. Such association will have the effect of
reducing the protein charge.
Integrating Eq. (14a) permits calculation of the

chemical potential of lysozyme chloride as a function
of NH4Cl concentration at fixed lysozyme chloride

concentration. The integral can be written as

m1 � m*
1 ¼

Z
m12dC2

¼ RT zP ln
zPC1 þ C2

zPC1 þ C2;s
þ a12ðzP þ 1ÞðC2 � C2;sÞ

� �
;

ð15Þ

where we have used zP ¼ 6:55 and
a12 ¼ 0:434M�1. Here, C2;s corresponds to the
NH4Cl concentration at which lysozyme chloride
in solution is in equilibrium with crystalline
tetragonal lysozyme. Besides a single measurement
for 0.3M NH4Cl in a two-buffer system, the only
solubility data known to us for lysozyme chloride
in aqueous NH4Cl is in acetate-buffered solution at
188C [15]. Thus, we have arbitrarily chosen 0.9M
as the reference state in order to directly compare
changes of the lysozyme chloride chemical poten-
tial to those previously reported for NaCl.
The derivative of the chemical potential of the

lysozyme chloride is about 20% less than in the
NaCl case. We note that these results depend on
the model chosen (Eqs. 14a and 14b). If, for
example, binding of ammonium cations to the
protein were important at higher NH4Cl concen-
trations, the model would require modification.
Values of the chemical potential of lysozyme

chloride, relative to the C2 ¼ 0:9M reference state,
are shown in Table 8. This dependence of the
chemical potential (referred to the same reference
state) on NH4Cl concentration is shown in Fig. 3.

Fig. 3. Integrated values of chemical potential derivatives ðm1 �
m*
1 Þ=RT versus C2 at pH 4.5 and 258C: m NH4Cl, . NaCl.
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We are aware of only one previous set of
measurements of the derivative of the chemical
potential of lysozyme prior to our recent work
[10]. Arakawa and Timasheff [28] derived values
of the molal derivative (qm1=qm2 in our notation)
from density measurements, and reported qm1=qm2

for lysozyme in 1.0M solutions of sodium chlo-
ride, magnesium chloride, magnesium acetate, and
magnesium sulfate. Each solution was buffered,
and the pH was 4.5 in all but the magnesium
acetate case, for which it was 5.6. Using Eq. (8)
and our tabulated values of m11 and m12, linearly
interpolated to 1.0M NH4Cl, we find qm1=qm2 ¼
5:63 kcalmol�1(mol kg�1) for the derivative of the
lysozyme chloride chemical potential with respect
to NH4Cl molality. The range 4.0–6.8 kcalmol

�1/
(mol kg�1) obtained by Arakawa and Timasheff
with different electrolytes [28] is in good qualitative
agreement with our value. (The derivative with
respect to NaCl molality obtained by Arakawa
and Timasheff [28] is 6.8
 1.7 kcalmol�1/
(mol kg�1), which compares well to our value of
6.37 kcalmol�1/(mol kg�1).)

7. Conclusions

We have now reported precision measurements
of ternary diffusion coefficients in a second
aqueous lysozyme chloride system. The present
results clearly demonstrate the capability to obtain
high-precision ternary diffusion coefficients in
aqueous protein solutions. The magnitude of the
cross-term diffusion coefficient ðD21Þv, which is
about 19 times the magnitude of the diagonal term
ðD22Þv, unambiguously shows that multicomponent
effects must be accounted for in modeling transport
in protein crystal growth. Comparison of the
present results for NH4Cl to those for NaCl clearly
shows the importance of the supporting electrolyte.
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